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A NOTE ON (ASYMPTOTICALLY) WEYL-ALMOST PERIODIC
PROPERTIES OF CONVOLUTION PRODUCTS
VLADIMIR E. FEDOROV AND MARKO KOSTIC´
Abstract. The main aim of this paper is to investigate Weyl-p-almost peri-
odic properties and asymptotically Weyl-p-almost periodic properties of con-
volution products. In such a way, we continue several recent research studies
of ours which do concern a similar problematic.
1. Introduction and preliminaries
In a series of recent research papers, the second named author has considered the
invariance of (asymptotical) Weyl-p-almost periodicity under the action of (finite)
infinite convolution product, where 1 ≤ p < ∞. It has been perceived that the
case p > 1 is much more delicate for the analysis and, before proceeding any
further, we would like to stress that Proposition 2.1 in [10] is not correctly proved
in the case that p > 1. In a recent erratum and addendum to the paper [10], we
have introduced the class of quasi asymptotically almost periodic functions and
considered quasi asymptotical almost periodicity of infinite convolution product
G(t) ≡ t 7→
∫ t
−∞
R(t− s)g(s) ds, t ∈ R,(1.1)
where p ≥ 1 and g(·) is (equi-)Weyl-p-almost periodic.
In this paper, we consider the invariance of (asymptotical) Weyl-p-almost period-
icity under the action of (finite) infinite convolution product by assuming that the
corresponding resolvent operator family (R(t))t>0 ⊆ L(X,Y ) has a certain growth
order at zero and infinity (by (X, ‖ · ‖), (Y, ‖ · ‖Y ) and L(X,Y ) we denote two
non-trivial complex Banach spaces and the space consisting of all linear continu-
ous operators from X into Y, respectively; in the sequel, we will use the standard
terminology from the monograph [9]). We specifically consider the following two
types of growth rates:
‖R(t)‖L(X,Y ) ≤Me−cttβ−1, t > 0 for some finite constants c > 0, β ∈ (0, 1], M > 0,
(1.2)
or a substantially weaker one
‖R(t)‖L(X,Y ) ≤M
tβ−1
1 + tγ
, t > 0 for some finite constants γ > 1, β ∈ (0, 1], M > 0.
(1.3)
The estimate (1.2) appears in the theoretical studies of abstract degenerate differ-
ential equations of first order with multivalued linear operators A satisfying the
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condition (P) clarifed below, while the estimate (1.3) appears in the theoretical
studies of abstract degenerate fractional relaxation differential equations with mul-
tivalued linear operators A satisfying the same condition.
The genesis of paper is stimulated by reading some recent results of F. Bedouhene,
N. Challali, O. Mellah, P. Raynaud de Fitte and M. Smaali, which are still unpub-
lished and where the cases that X = Y and (R(t))t≥0 is an exponentially decaying
strongly continuous non-degenerate C0-semigroup have been analyzed. The main
novelty of this paper is the consideration of growth rate (1.3) for solution opera-
tor families (R(t))t>0 not necessarily strongly continuous at zero, with regards to
the existence and uniqueness of (asymptotically) Weyl-p-almost periodic solutions
of abstract fractional differential equations; see e.g. [4]-[7], [12] and [17] for some
recent results treating the abstract degenerate fractional differential equations.
There is no need to say that fractional calculus and fractional differential equa-
tions are rapidly growing fields of research, due to their invaluable importance
in modeling real world phenomena appearing in many fields such as astrophysics,
electronics, diffusion, chemistry, biology, electricity and thermodynamics. It is
almost impossible to summarize here all relevant contributions made recently in
these fields; see e.g. [8]-[9], [16] and references cited therein for the basic and not-
updated information on the subject. Throughout the paper, we use two different
types of fractional derivatives. The Weyl-Liouville fractional derivative Dγt,+u(t)
of order γ ∈ (0, 1) is defined for those continuous functions u : R → X satisfying
that t 7→ ∫ t−∞ g1−γ(t− s)u(s) ds, t ∈ R is a well-defined continuously differentiable
mapping, by
Dγt,+u(t) :=
d
dt
∫ t
−∞
g1−γ(t− s)u(s) ds, t ∈ R.
Set D1t,+u(t) := −(d/dt)u(t). For further information about Weyl-Liouville frac-
tional derivatives, we refer the reader to the paper [15] by J. Mu, Y. Zhoa and L.
Peng.
If α > 0 andm = ⌈α⌉, then the Caputo fractional derivativeDαt u(t) is defined for
those functions u ∈ Cm−1([0,∞) : X) satisfying that gm−α ∗ (u−
∑m−1
k=0 ukgk+1) ∈
Cm([0,∞) : X), by
Dαt u(t) =
dm
dtm
[
gm−α ∗
(
u−
m−1∑
k=0
ukgk+1
)]
.
For more details about the abstract fractional differential equations with Caputo
derivatives, the reader may consult the monograph [9] and references cited therein.
The organization of this paper can be simply described as follows. In Subsection
1.1, we recall the basic definitions and results about generalized (asymptotically)
almost periodic functions which will be necessary for our further work. Our main
contributions are Theorem 2.1 and Proposition 2.3; besides them, Section 2 contains
a great deal of other remarks and observations about problems considered. It is
clear that our results are applicable in the analysis of a wide class of abstract inho-
mogenous integro-differential equations, which can be degenerate or non-degenerate
in time-variable and which may or may not contain fractional derivatives. The main
aim of Section 3 is to present certain applications of Theorem 2.1 and Proposition
2.3 in the analysis of existence and uniqueness of Weyl-p-almost periodic solutions
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of the abstract fractional differential inclusion (3.3) and asymptotically Weyl-p-
almost periodic solutions of the abstract fractional differential inclusion (DFP)f,γ
clarifed below.
1.1. Generalized almost periodic functions and asymptotically general-
ized almost periodic functions. Unless stated otherwise, we will always assume
henceforth that 1 ≤ p <∞. Let I = [0,∞) or I = R. A function f ∈ Lploc(I : X) is
said to be Stepanov p-bounded iff
‖f‖Sp := sup
t∈I
(∫ t+1
t
‖f(s)‖p ds
)1/p
<∞.
The space LpS(I : X) consisted of all S
p-bounded functions becomes a Banach space
equipped with the above norm.
Let 1 ≤ p < ∞, let l > 0, and let f, g ∈ Lploc(I : X). We define the Stepanov
‘metric’ by
DpSl
[
f(·), g(·)] := sup
x∈I
[
1
l
∫ x+l
x
∥∥f(t)− g(t)∥∥p dt
]1/p
.
Then it is well-known that there exists
DpW
[
f(·), g(·)] := lim
l→∞
DpSl
[
f(·), g(·)]
in [0,∞]. The distance DpW [f(·), g(·)] appearing above is called the Weyl distance
of f(·) and g(·). The Stepanov and Weyl ‘norm’ of f(·) are defined by∥∥f∥∥
Sp
l
:= DpSl
[
f(·), 0] and ∥∥f∥∥
Wp
:= DpW
[
f(·), 0],
respectively. The notions of Stepanov p-boundedness and Weyl p-boundedness are
mutually equivalent, i.e., for any function f ∈ Lploc(I : X), we have∥∥f∥∥
Sp
l
<∞ iff ∥∥f∥∥
Wp
<∞.
The notion of an (equi-)Weyl-p-almost periodic function is given below (see e.g.
[10] and references cited therein).
Definition 1.1. Let f ∈ Lploc(I : X).
(i) We say that the function f(·) is equi-Weyl-p-almost periodic, f ∈ e−W pap(I :
X) for short, iff for each ǫ > 0 we can find two real numbers l > 0 and
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
sup
x∈I
[
1
l
∫ x+l
x
∥∥f(t+ τ)− f(t)∥∥p dt
]1/p
≤ ǫ,
i.e., DpSl
[
f(·+ τ), f(·)] ≤ ǫ.
(ii) We say that the function f(·) is Weyl-p-almost periodic, f ∈ W pap(I : X)
for short, iff for each ǫ > 0 we can find a real number L > 0 such that any
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interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that
lim
l→∞
sup
x∈I
[
1
l
∫ x+l
x
∥∥f(t+ τ)− f(t)∥∥p dt
]1/p
≤ ǫ,
i.e., lim
l→∞
DpSl
[
f(·+ τ), f(·)] ≤ ǫ.
Denote by APSp(I : X) the space consisting of all Stepanov p-almost periodic
functions from the interval I into X ([11]). Then it is well known that APSp(I :
X) ⊆ e −W pap(I : X) ⊆ W pap(I : X) in the set theoretical sense and that any of
these two inclusions can be strict.
Denote by C0([0,∞) : X) the vector space consisting of all bounded continuous
functions from [0,∞) into X which vanish at infinity. We say that an Sp-bounded
function q : [0,∞)→ X is Stepanov p-vanishing iff the function t 7→ q(t+ ·), t ≥ 0
belongs to the class C0([0,∞) : Lp([0, 1] : X)). We denote by Sp0 ([0,∞) : X) the
vector space consisting of all Stepanov p-vanishing functions. If q ∈ Lploc([0,∞) :
X), then we define the function q(·, ·) : [0,∞)× [0,∞)→ X by
q(t, s) := q(t+ s), t, s ≥ 0.
The class of (equi-)Weyl-p-vanishing functions has been recently introduced as fol-
lows (see e.g. [10]):
Definition 1.2. Let q ∈ Lploc([0,∞) : X).
(i) It is said that q(·) is Weyl-p-vanishing iff
lim
t→∞
∥∥q(t, ·)∥∥
Wp
= 0, i.e., lim
t→∞
lim
l→∞
sup
x≥0
[
1
l
∫ x+l
x
∥∥q(t+ s)∥∥p ds
]1/p
= 0.
(ii) It is said that q ∈ Lploc([0,∞) : X) is equi-Weyl-p-vanishing iff
lim
l→∞
lim
t→∞
sup
x≥0
[
1
l
∫ x+l
x
∥∥q(t+ s)∥∥p ds
]1/p
= 0.
We know that C0([0,∞) : X) ⊆ Sp0 ([0,∞) : X) ⊆ e − W p0 ([0,∞) : X) ⊆
W p0 ([0,∞) : X) and that any of these three inclusions can be strict.
2. Formulation and proof of main results
Albeit given with a relatively non-complicated proof, the following theorem can
be viewed as the main result of this paper:
Theorem 2.1. Let 1/p + 1/q = 1 and let (R(t))t>0 ⊆ L(X,Y ) satisfy (1.3). Let
a function g : R → X be (equi-)Weyl-p-almost periodic and Weyl p-bounded, and
let q(β − 1) > −1 provided that p > 1, resp. β = 1, provided that p = 1. Then the
function G : R→ Y, defined through (1.1), is bounded continuous and (equi-)Weyl-
p-almost periodic.
Proof. We will consider the case that g(·) is Weyl-p-almost periodic with p > 1
and explain the main differences in the case that p = 1. Without loss of generality,
we may assume that X = Y. Since we have assumed that g(·) is Weyl p-bounded
(equivalently, Stepanov p-bounded) and q(β − 1) > −1, we can repeat literally
the arguments given in the proof of [10, Proposition 2.1] to deduce that G(·) is
A NOTE ON (ASYMPTOTICALLY) WEYL-ALMOST PERIODIC... 5
bounded and continuous on the real line (a similar argumentation works in the case
that p = 1). Therefore, it remains to be proved that G(·) is Weyl-p-almost periodic.
In order to do that, fix a number ǫ > 0. By definition, we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that
there exists a number l(ǫ, τ) > 0 so that
DpSl
[
g(·+ τ), g(·)] ≤ ǫ, l ≥ l(ǫ, τ).(2.1)
On the other hand, it is clear that
‖u(t+ τ)− u(t)‖ ≤
∫ 0
−∞
‖R(−s)‖‖g(s+ t+ τ)− g(s+ t)‖ ds
≤M
∫ 0
−∞
|s|β−1‖g(s+ t+ τ)− g(s+ t)‖/(1 + |s|γ) ds, t ∈ R.(2.2)
Since γ > 1 and β ∈ (0, 1], we have the existence of a positive real number ζ > 0
satisfying
1
p
< ζ <
1
p
+ γ − β
(in the case that p = 1, we can take any number ζ ∈ (1, γ) and repeat the same
procedure). This implies that the function s 7→ |s|β−1(1+|s|ζ)1+|s|γ , s < 0 belongs to the
space Lq((−∞, 0)) as well as that the function s 7→ 1
1+|s|ζ
, s < 0 belongs to the
space Lp((−∞, 0)). The integral
∫ 0
−∞
‖g(s+ t+ τ) − g(s+ t)‖p/(1 + |s|ζ)p ds
converges for any t ∈ R, which follows from the following computation
∫ 0
−∞
‖g(s+ t+ τ) − g(s+ t)‖p/(1 + |s|ζ)p ds
≤
∞∑
k=0
∫ −k
−(k+1)
‖g(s+ t+ τ) − g(s+ t)‖p/(1 + |s|ζ)p ds
≤2p−1‖g‖pSp
∞∑
k=0
1
1 + kγ
.
Further on, applying (2.2) and the Ho¨lder inequality we get that
‖u(t+ τ)− u(t)‖ ≤M
∥∥∥(| · |β−1(1 + | · |ζ)/(1 + | · |γ))∥∥∥
Lq((−∞,0))
×
[∫ 0
−∞
‖g(s+ t+ τ)− g(s+ t)‖p/(1 + |s|ζ)p ds
]1/p
, t ∈ R.
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Making use of the Fubini theorem and (2.1), we get that
sup
x∈R
[
1
l
∫ x+l
x
‖u(t+ τ)− u(t)‖p dt
]1/p
≤M
∥∥∥(| · |β−1(1 + | · |ζ)/(1 + | · |γ))∥∥∥
Lq((−∞,0))
×
[∫ 0
−∞
1
(1 + |s|ζ)p
(
sup
x∈R
1
l
∫ x+l
x
‖g(s+ t+ τ)− g(s+ t)‖pdt
)
ds
]1/p
≤Mǫ
∥∥∥(| · |β−1(1 + | · |ζ)/(1 + | · |γ))∥∥∥
Lq((−∞,0))
∫ 0
−∞
ds
(1 + |s|ζ)p ,
for any l(ǫ, τ) > 0. This completes the proof of theorem in a routine manner. 
Remark 2.2. Let 1 ≤ p < ∞. Then any equi-Weyl-p-almost periodic function is
automatically Weyl-p-bounded, which seems to be still unknown for Weyl-p-almost
periodic functions.
The analysis of asymptotically Stepanov-p-almost periodic and asymptotically
(equi-)Weyl-p-almost periodic properties of finite convolution product is not trivial
in general case and we need some extra conditions on the ergodic part of function
under consideration (denoted henceforth by q(·)) in order to obtain any relevant
result in this direction; the situation is, unfortunately, similar if the resolvent family
(R(t))t>0 ⊆ L(X,Y ) satisfies the estimate (1.2) or (1.3). In this paper, we will prove
the following general proposition with regards to this question:
Proposition 2.3. Let q ∈ Lploc([0,∞) : X), 1/p + 1/q = 1 and let (R(t))t>0 ⊆
L(X,Y ) satisfy (1.3). Let a function g : R → X be (equi-)Weyl-p-almost periodic
and Weyl p-bounded, and let q(β − 1) > −1 provided that p > 1, resp. β = 1,
provided that p = 1. Suppose that the function
t 7→ Q(t) ≡
∫ t
0
R(t− s)q(s) ds, t ≥ 0
belongs to the space FY , which equals to C0([0,∞) : Y ), Sp0 ([0,∞) : Y ), e −
W p0 ([0,∞) : Y ) or W p0 ([0,∞) : Y ). Then the function
H(t) ≡
∫ t
0
R(t− s)[g(s) + q(s)] ds, t ≥ 0
is continuous and belongs to the class (e−)W [0,∞),pap (Y )+FY , where (e−)W [0,∞),pap (Y )
stands for the space of all restictions of Y -valued (equi-)Weyl-p-almost periodic
functions from the real line to the interval [0,∞).
Proof. Without loss of generality, we may assume that X = Y. Define
F (t) :=
∫ t
0
R(t− s)q(s) ds −
∫ ∞
t
R(s)g(t− s) ds, t ≥ 0.(2.3)
The local integrability of convolution products in (2.3) follows from the arguments
given in the proofs of [2, Proposition 1.3.4, Proposition 1.3.5]. By Theorem 2.1, the
function G : R → X, defined by (1.1), is bounded continuous and (equi-)Weyl-p-
almost periodic. Due to the facts that H(t) = G(t) +F (t), t ≥ 0, FX +C0([0,∞) :
X) = FX and our assumption that the function Q(·) belongs to the space FX , it
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suffices to show that the mapping Q(t) is continuous for t ≥ 0 as well as that the
mapping t 7→ ∫∞t R(s)g(t− s) ds, t ≥ 0 is in class C0([0,∞) : X). The continuity of
mapping Q(t) for t ≥ 0 can be proved as in the final part of proof of Theorem 2.1,
by using the equality Q(t) =
∫ t
0 R(s)q(t−s) ds, t ≥ 0, inclusion q ∈ Lploc([0,∞) : X)
and Ho¨lder inequality. To prove that the mapping t 7→ ∫∞
t
R(s)g(t− s) ds, t ≥ 0 is
in class C0([0,∞) : X), observe first that∫ ∞
t
R(s)g(t− s) ds =
∫ ∞
t+1
R(s)g(t− s) ds+
∫ t+1
t
R(s)g(t− s) ds, t ≥ 0.
The continuity of mapping t 7→ ∫∞t+1R(s)g(t − s) ds = ∑∞k=0 ∫ t+k+2t+k+1 R(s)g(t −
s) ds :=
∑∞
k=0 Fk(t), t ≥ 0 can be shown following the lines of the proof of [13,
Proposition 5] since the mapping Fk(·) is continuous by the dominated conver-
gence theorem and the series
∑∞
k=0 Fk(t) converges uniformly in t ≥ 0 due to the
Weierstrass criterion. To prove the continuity of mapping
∫ ·+1
·
R(s)g(· − s) ds, fix
a number t ≥ 0 and a sequence (tn)n∈N in [t, t + 1] converging to t as n → +∞.
Then an elementary argumentation involving the Ho¨lder inequality shows that:∥∥∥∥∥
∫ tn+1
tn
R(s)g(tn − s) ds−
∫ t+1
t
R(s)g(t− s) ds
∥∥∥∥∥
≤M
[∫ tn
t
sβ−1
1 + sγ
‖g(t− s)‖ ds+
∫ tn+1
t+1
sβ−1
1 + sγ
‖g(tn − s)‖ ds
+
∫ t+1
tn
sβ−1
1 + sγ
∥∥g(tn − s)− g(t− s)∥∥ ds
]
≤M
[∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq [t,tn]
‖g‖Lp[0,tn−t] +
∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq [t+1,tn+1]
‖g‖Lp[0,tn−t]
+
∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq [0,t+2]
‖g(tn − ·)− g(t− ·)‖Lp[0,t+2]
]
≤M
[∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq [t,t+1]
‖g‖Lp[0,tn−t] +
∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq[t+1,t+2]
‖g‖Lp[0,tn−t]
+
∥∥∥∥∥ ·
β−1
1 + ·γ
∥∥∥∥∥
Lq [0,t+2]
‖g(tn − ·)− g(t− ·)‖Lp[0,t+2]
]
.
The right continuity of mapping
∫ ·+1
·
R(s)g(·−s) ds at point t follows from the evi-
dent equalities limn→+∞ ‖g‖Lp[0,tn−t] = 0 and limn→+∞ ‖g(tn−·)−g(t−·)‖Lp[0,t+2] =
0, while the left continuity can be proved analogously. The vanishing of function
t 7→ ∫∞
t
R(s)g(t− s) ds, t ≥ 0 at plus infinity follows from the estimates∥∥∥∥∥
∫ ∞
t
R(s)g(t− s) ds
∥∥∥∥∥ ≤ ‖g‖Sp
∞∑
k=0
‖R(·)‖Lq[t+k,t+k+1], t > 0
and
lim
t→+∞
∞∑
k=0
‖R(·)‖Lq[t+k,t+k+1] = 0;
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see [11, Remark 2.14(ii)] and the proof of [10, Proposition 2.5]. 
Remark 2.4. The space (e−)W [0,∞)ap (Y ) is contained in (e−)W pap([0,∞) : Y ). It is
not clear whether an (equi-)Weyl-p-almost periodic function defined on [0,∞) can
be extended to an (equi-)Weyl-p-almost periodic function defined on R. Therefore,
it is not clear whether (e−)W pap([0,∞) : Y ) ⊆ (e−)W [0,∞)ap (Y ).
Remark 2.5. Suppose that q ∈ C0([0,∞) : X) and (R(t))t>0 ⊆ L(X,Y ) satisfies
(1.3). The argumentation contained in the proof of [1, Lemma 2.13] combined with
the fact that
∫∞
0 s
β−1/(1 + sγ) ds < ∞ shows that limt→+∞Q(t) = 0, so that
Q ∈ C0([0,∞) : Y ). Some conditions on the function q(·) which ensure that the
function Q(·) is Stepanov p-vanishing have been analyzed in [11, Remark 2.14].
Remark 2.6. In [14], the second named author has recently introduced various
classes of generalized (asymptotically) C(n)-almost periodic functions and inves-
tigated the invariance of generalized (asymptotical) C(n)-almost periodicity under
the action of convolution products; in particular, the class of (asymptotically) C(n)-
Weyl-p-almost periodic functions has been introduced and analyzed. It is worth
noting that Theorem 2.1 and Proposition 2.3 can be reconsidered for this class
of functions, which can be left to the interested readers as an easy exercise (cf.,
especially, [14, Proposition 4.2, Proposition 4.5, Proposition 4.7]).
Remark 2.7. Suppose that q ∈ Lploc([0,∞) : X), 1/p + 1/q = 1, the mapping
a : (0,∞)→ (0,∞) satisfies 0 < a(t) < t, t > 0 as well as that (R(t))t>0 ⊆ L(X,Y )
satisfies (1.3). Let p > 1, let Bp(0) := 0 and
Bp(t) := a(t)
1/q
(
t− a(t))β−1−γ
(∫ a(t)
0
‖q(s)‖p ds
)1/p
+
(
t− a(t))β−1−γ+ 1q
(∫ t
a(t)
‖q(s)‖p ds
)1/p
, t > 0.
Since Q(t) =
∫ t
0
R(t− s)q(s) ds = ∫ a(t)
0
R(s)q(t− s) ds+ ∫ t
a(t)
R(s)q(t− s) ds for all
t ≥ 0, applying the Ho¨lder inequality and (1.3) we may conclude that ‖Q(t)‖Y ≤
Bp(t) for all t > 0. In the case that p = 1, set B1(0) := 0 and
B1(t) :=
(
t− a(t))β−1−γ ∫ a(t)
0
‖q(s)‖ ds+
∫ t
a(t)
‖q(s)‖ ds, t > 0.
Then we can similarly prove that ‖Q(t)‖Y ≤ B1(t) for all t > 0. This information
can be useful to describe the long time behaviour of function Q(·).
For example, the function
q(t) :=
∞∑
n=0
χ[n2,n2+1](t), t ≥ 0
is not Stepanov p-vanishing but it is equi-Weyl-p-vanishing for any finite number
p ≥ 1 (using a mollification, we can simply addapt this example to construct an
example of an equi-Weyl-p-vanishing function that belongs to the space C∞([0,∞))
and that is not Stepanov p-vanishing). Furthermore,
∫ t
0 ‖q(s)‖p ds ≤ 2 +
√
t, t ≥ 0
and we can use this estimate as well as the estimate obtained in the first part of
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this remark (with a(t) = t/2, t > 0) to see that Q ∈ C0([0,∞) : Y ), provided that
the inequality 1p + β − γ < 0 holds true.
The interested reader may try to construct some examples in which we have that
the function Q(·) belongs to the class e−W p0 ([0,∞) : Y ) or W p0 ([0,∞) : Y ).
3. An application
For the beginning, we need to remind ourselves of the notion of a multivalued
linear operator (cf. the monographs [3] by R. Cross and [4] by A. Favini, A. Yagi
for more details on the subject). A multivalued map (multimap) A : X → P (Y ) is
said to be a multivalued linear operator (MLO) iff the following holds:
(i) D(A) := {x ∈ X : Ax 6= ∅} is a linear subspace of X ;
(ii) Ax +Ay ⊆ A(x + y), x, y ∈ D(A) and λAx ⊆ A(λx), λ ∈ C, x ∈ D(A).
If X = Y, then we say that A is an MLO in X.
If x, y ∈ D(A) and λ, η ∈ C with |λ|+ |η| 6= 0, then λAx+ ηAy = A(λx+ ηy).
Furthermore, if A is an MLO, then A0 is a linear submanifold of Y and Ax = f+A0
for any x ∈ D(A) and f ∈ Ax. Put R(A) := {Ax : x ∈ D(A)}. Then the set
A−10 = {x ∈ D(A) : 0 ∈ Ax} is called the kernel of A and it is denoted by N(A).
The inverse A−1 of an MLO is defined by D(A−1) := R(A) and A−1y := {x ∈
D(A) : y ∈ Ax}.
Let A be an MLO in X. Then the resolvent set of A, ρ(A) for short, is defined
as the union of those complex numbers λ ∈ C for which
(i) R(λ−A) = X ;
(ii) (λ −A)−1 is a single-valued linear continuous operator on X.
The operator λ 7→ (λ − A)−1 is called the resolvent of A (λ ∈ ρ(A)); R(λ : A) ≡
(λ − A)−1 (λ ∈ ρ(A)). The basic properties of resolvents of single-valued linear
operators continue to hold in the multivalued linear setting ([4]).
In the remaining part of paper, it will be supposed that A is a multivalued linear
operator on a Banach spaceX satisfying the following condition (see e.g. [4, p. 47]):
(P) There exist finite constants c, M > 0 and β ∈ (0, 1] such that
Ψ := Ψc :=
{
λ ∈ C : ℜλ ≥ −c(|ℑλ|+ 1)} ⊆ ρ(A)
and
‖R(λ : A)‖ ≤M(1 + |λ|)−β , λ ∈ Ψ.
Suppose that γ ∈ (0, 1) and β > θ. Then the degenerate strongly continuous
semigroup (T (t))t>0 ⊆ L(X) generated by A satisfies the estimate
‖T (t)‖ ≤M0e−cttβ−1, t > 0(3.1)
for some finite constant M0 > 0 ([11]). Define
Tγ,ν(t)x := t
γν
∫ ∞
0
sνΦγ(s)T
(
stγ
)
x ds, t > 0, x ∈ X,
Sγ(t) := Tγ,0(t), t > 0 ; Sγ(0) := I,
Pγ(t) := γTγ,1(t)/t
γ , t > 0 ; Rγ(t) := t
γ−1Pγ(t), t > 0.
Then there exist two finite constants M1 > 0 and M2 > 0 such that∥∥Rγ(t)∥∥ ≤M1tγβ−1, t ∈ (0, 1] and ∥∥Rγ(t)∥∥ ≤M2t−1−γ , t ≥ 1.(3.2)
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We will use the following notions: A continuous function u : R → X is a mild
solution of the abstract first order inclusion
u(t) ∈ Au(t) + f(t), t ∈ R
iff
u(t) =
∫ t
−∞
T (t− s)f(s) ds, t ∈ R.
Let γ ∈ (0, 1). A continuous function u : R→ X is a mild solution of the abstract
fractional relaxation inclusion
Dγt,+u(t) ∈ −Au(t) + f(t), t ∈ R(3.3)
iff
u(t) =
∫ t
−∞
Rγ(t− s)f(s) ds, t ∈ R.
Let Dγt denote the Caputo fractional derivative of order γ ∈ (0, 1), let x0 ∈ X
and let f : [0,∞)→ X be asymptotically (equi-)Weyl-p-almost periodic. Suppose,
further, that x0 is a point of continuity of (Sγ(t))t>0, i.e., limt→0+ Sγ(t)x0 = x0.
By a mild solution of the abstract fractional relaxation inclusion
(DFP)f,γ :
{
Dγt u(t) ∈ Au(t) + f(t), t > 0,
u(0) = x0,
we mean any function u ∈ C([0,∞) : X) satisfying that
u(t) = Sγ(t)x0 +
∫ t
0
Rγ(t− s)f(s) ds, t ≥ 0.
Keeping in mind the estimates (3.1)-(3.2) and the fact that limt→+∞ ‖Sγ(t)‖ = 0,
it is clear how we can apply the main results of Section 3 in the study of ex-
istence and uniqueness of (equi-)Weyl-p-almost periodic solutions of the abstract
fractional inclusion (3.3) and asymptotically (equi-)Weyl-p-almost periodic solu-
tions of the abstract fractional inclusion (DFP)f,γ (solutions of problem (DFP)f,1,
with D1tu(t) ≡ u′(t) and the meaning clear, can be also examined). Applications
can be simply incorporated in the study of qualitative properties of solutions of the
following fractional Poisson heat equations with the Dirichlet Laplacian ∆:{
Dγt,+[m(x)v(t, x)] = (∆− b)v(t, x) + f(t, x), t ∈ R, x ∈ Ω;
v(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω,
and 

Dγt [m(x)v(t, x)] = (∆− b)v(t, x) + f(t, x), t ≥ 0, x ∈ Ω;
v(t, x) = 0, (t, x) ∈ [0,∞)× ∂Ω,
m(x)v(0, x) = u0(x), x ∈ Ω,
in the space X := Lp(Ω), where Ω is a bounded domain in Rn with smooth bound-
ary, b > 0, m(x) ≥ 0 a.e. x ∈ Ω, m ∈ L∞(Ω), γ ∈ (0, 1) and 1 < p < ∞. Further
on, let A(x;D) be a second order linear differential operator on Ω with coefficients
continuous on Ω; see [4, Example 6.1] for more details. Based on the examina-
tion carried out in [13, Example 4], we can apply our main results in the study
of existence and uniqueness of asymptotically (equi-)Weyl-p-almost periodic solu-
tions of the following fractional damped Poisson-wave type equation in the space
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X := H−1(Ω) or X := Lp(Ω) :

Dγt
(
m(x)Dγt u
)
+
(
2ωm(x)−∆)Dγt u+ (A(x;D) − ω∆+ ω2m(x))u(x, t) = f(x, t),
t ≥ 0, x ∈ Ω ; u = Dγt = 0, (x, t) ∈ ∂Ω× [0,∞),
u(0, x) = u0(x), m(x)
[
Dγt u(x, 0) + ωu0
]
= m(x)u1(x), x ∈ Ω.
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